OIIA.®.02.02 TEOPHUA YIIPYTOCTH
PACYET KPYIJIBIX U KOJIBHHEBBIX IIJIACTUH
YyebHoe mocodue

PaccMaTpuBarOTCS KPYIIbIE M KOJBUCBBIC TUTACTHHBI, HAXOMMIHECH MO BO3-
JEHCTBHEM OCECHMMETPHYHOHN HATPY3KH IIPH TEMIEpaTypHOM Harpese. IlpuBomurca
MATCMATHYCCKAS MOJCIb HAMPSHKCHHO-AC(OPMUPOBAHHOTO COCTOSHHS PACCMATPUBA-
EMBIX JJICMCHTOB KOHCTPYKLIMH. M3maraercs MeTon HA4YanpHBIX MAPAMETPOB, IO3BO-
JSFOINHA MOCTPOHTE AHAMUTHUYECKOE PCIICHUE MOCTABICHHOM 331U, HA KOHKPETHBIX
MPUMEPAX MOACHAETCA aJroput™ pacdera. [IpuBoaarca MeTOOMYECKHE YKA3AHUS IO
MPAKTHYCCKOMY MPHMCHCHHIO MCTOJA HAYAIbHBIX mapamerpos. Ocodoc¢ BHHMAHHC
VACTACTCA KOPPEKTHOH (POPMYIHPOBKE TPAHWYHBIX VCAOBHH NMPH PCIICHHH 3a7a4.
IIpuBOAATCA CONPOBOKIAOIIKE (PDYHKIMH AT pAacyeTa IUTACTHH H OCHOBHBIC THITBI
TPAHUYHBIX YCIOBHH.

JlanHoe y4eOHOE MOCOOKE NMPEAHAZHAYCHO CTYJACHTAM, 00YHArOIMMCS MO CIc-
nuamsbHOCTH 230104, MoskeT OBITh HCIOIB30BAHO CTYACHTAMH APYTHX CIICUHAIBHO-
CTEH, CBA3AHHBIX C MPOYHOCTHBIMH PACUYCTAMH 3JICMCHTOB KOHCTPY KLU K.
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1. OCHOBHBIE TIOHATHA U ONTPEAEJIEHUA

Kpyenoii naacmunoii TOCTOSHHON TOJILIMHBL_HA3BIBACTCA TCIO, OIPAHHUCHHOC
KpPYTrOBOH LMIHHAPUYCCKON MOBEPXHOCTHIO U ABYMSI NEPICHIUKYJLIPHBIMH K €€ OCH
NIOCKOCTAMH, PACCTOSHHE MEKAY KOTOPHIMH (TOJIIMHA IUIACTUHKH) MAJIO MO CPABHE-
HUS C PAJUyCOM LUTHHAPHYECKON NOBEPXHOCTH. Kosbyesas nigcmuna MPEACTABILIET
co00il Te10, OTPAaHHYCHHOE IBYMA KOHLIC HTPHYECKUMU IMJIHHIPHYCCKUMHE TOBEPXHO-
CTSIMH H ABYMS NMEPNECHAUKYIPHBIMH K HX OCH IUIOCKOCTAMH (puc.1.1).

HHER H, LIl HHR
ILIOCROCINE KoRmyp RAOCKOCIE
5 = = 3
h, L L3
— T 5T s
” &€ F Fr
HHUH b
TRACHIING KOHIYP

Puc.1.1. Kpyraas u KoabLeBas MIACTHHBI

[110CcKOCTB, AendIuas TOMUHY IUIACTHHBI IOIOJAM, HA3BIBACTCA CPEeOUHHOU
RAOCKOCMb10, THHUHN NEPECCUCHH CPESAMHHOMN IJIOCKOCTH ¢ OOKOBBIMH IPAHAMY 00pa-
3VIOT KOHMYp_ILTACTUHBL.

M3y4ar0oTCca MIACTHHBI, W3BECTHBIM 00PA30M 3aKPEIICHHBIE MO KOHTYPY, HAXO-
JAIHECA TOJ BO3ACHCTBHEM OCSCHMMETPHYHON HATPY3KH TNPH TEMICPATYPHOM
Harpese. Kpyrias mim KOIbIEBas MIACTHHA, HECYINAS CHMMETPHYHYIO OTHOCHTEIBHO
LEHTPAIbHOM OCH HArPY3Ky, Ae(hOPMHPYETCA TOKE CHMMETPHYHO, T.€. BO BCEX TOYKAX
PaBHOYJAJCHHBIX OT IICHTPA TUIACTHHBI MEpeMEIECHU OJUHAKOBEL. [Ipr medopmarpm
n3ruba TOUKH CPEAMHHOI IMOBEPXHOCTH IUIACTHHBI MOIYYAIOT IIePEMEIeHHs (IIpo-
ru0sl), NEPHIEHIUKYISIPHBIE CPEAUHHON IUIOCKOCTH, M mocae nmedopmarm obpa-
3YIOT IOBEPXHOCTH BpallleHHA (CPeJUHHYIO ITOBEPXHOCTH AeOpMIPOBAaHHOH ILIA-

ctuHsbl). OUCBHIHO, YTO BBHAY CHMMCTPHH IICPECMCIICHHS H YTJIbI IOBOPOTA SIBJIFOTCS
(PYHKIHAMH TOJIBKO MOJSIPHON KOOPAUHATSI F.

Takum 00pa3oM, PACCMATPHUBACTCS TAKOC HATPYKCHHC IUIACTHHBI, KOTOPOE CO-
HNPOBOXKAACTCS e¢ u3eubom. ECM MIACTHHKA HATPY)KCHA TOJIBKO MOMCHTHOM HATpy3-
KO#, TIONICPCYHBIC CHJIBI B CCUCHHAX ILIACTHHKH OTCYTCTBYEOT, H TAKOM H3THO HA3BIBA-
CTCA wrtcmuiM (TI0 AHAJOTHH C YHCThIM H3rHOOM Opyca).

[To xapakrepy HANPSHKCHHOTO COCTOAHHA, 0OPA3yIOMIETOCA MPH H3THOS IOIE-
PEYHOH HATPY3KOH, PA3M4ArOT TPH THIIA TUIACTHH:

® KCCTKHE,

e rHOKHC,

e a0COMOTHO THOKHUE MIACTHHBI KM MEMOPAHBI.



[NnacTuHy HA3BIBAIOT JHCECMKOL, CCITH MOXKHO 0€3 3AMCTHOH NMOTPCIIHOCTH CHH-
TaTh CPCAMHHBIH CION HCHTPAJILHBIM HJIH, HHBIMH CJIOBAMH, CBOOOJHBIM OT HAMPSHKC-
HUH PaCTKCHUA-CKATHA. Ha NpaxkTHKE NMIACTHHY NPHHATO CHUTATH KECTKOH, €CIM

h
cTpena mporuda f He mpeBsimacT 1/5 TommuHer, [ < T Jomynienue 00 u3rudHOM

XapaKTepe HAMPSDKCHHOTO COCTOSIHHSL OTBCUACT PCATBHOMY PACHPEICICHHK) HATPSI-
KCHUH JIUIIb IS MOHKUX TITACTHH, OTHOCHTCIBHASA TOJIIHHA KOTOPBIX (OTHOINCHHC

E) He mpeBbimacT 1/5. Toncmbivy CUATANOTCS TAKUE TJIACTHHBI, TOJIIMHA KOTOPbIX

NOpeBBIIACT 1/5 UX HAMMEHBIIETO pa3MeEpa B IUIaHE. TOICThIC TMIIACTHHBI HCIBITHIBA-
FOT TPEXMEPHOES HANMPLKEHHOES COCTOAHHE, KOTOPOS OMHUCBIBAETCA CHCTEMOU Tu(pde-
PEHIHATBHBIX YPABHECHUH TCOPHH VIIPYTOCTH.

T'ubxoti HA3BIBAFOTCS ILIACTHHBI, TPH PACUeTe KOTOPHIX B MPEaeiaX YIOPyTOCTH
HAPAAY C YHCTO H3THOHBIMH HANPHOKCHHAMH HEOOXOJHMMO VUHMTHIBATH HANPSKCHHS,
PABHOMCPHO PACHPCACIACHHBIC MO TOMIHHC IIACTHHKH H HA3BIBACMBIC MeM 6paHH bIMU
U yenuvivy, Ha mpakTHke MaCTUHY CUMTAKOT THOKOHM, ¢cnu cTpena mporuda f

h
Oonbmie 1/5 TONIMUHBL, HO MEHBIIE IIATH TOJIIIHH; 3 < f<5h.

Abcomomno 2ubxoil MIACTHHOW WM MeMOpaHoii HAZBIBACTCS TIACTHHA, TPH
UCCIICIOBAHMH YIIPYTOH A¢OpMalMH KOTOPOH MOKHO MPEHEOPEYh COOCTBCHHO HM3TH-
OHBIMH HANPSLKCHHAMH IO CPABHCHHIO C MEMOPAHHBIMHE HANPsDKEHUAMHE. [Ipu cTpene
nporuda, MPEBHINAIOMIECH TOMIUHY O01ee YeM B 5 pa3, IITACTHHY MOXKHO pPacCMAaTpH-
BaTh Kak aOCOMOTHO THOKYTO.

B manvHelimeMm OyaeM pacCMATPHBATB HIOHKHUE JHCECHIKUEe NAACHUHbL ¢ oce-
CUMMEmMPUYHOL HA2PY3KOil.

2. HIOCTAHOBKA 3AJJAYH

PaccMaTpuBacTCsl KONMBLECBAA IJIACTHHA, B OTACIBHBIX KOJIBLEBBIX CCUCHHUAX
KOTOPOH YCTAHOBJICHBI OMIOPBI, MPEIATCTBYIOIUE OCCBBIM MEPEMEIICHUSIM 3THX CEHE-
Hu. ToammHa NMIACTHHBL i ¥ (PH3HKO-MCXAHWUYCCKHC XAPAKTCPUCTHKH MaTEpHAla
(Moxyns vopyroctu E, ko3(duument IlyaccoHa W, TemMmepaTypHbId KO3(D(DHIIHEHT
JMHCHHOTO PACIIMPCHES L) B OOMICM CITy4ae H3MCHSFOTCS BAOJb PATUYCa TIACTHHBL,
U ABIIETCA 3aJAHHBIMHU ()YHKIHAMH KOOPIUHATHI F.

Ha paccmaTtpuBaeMyro TJIACTHHY MOKET ACHCTBOBATH CICOYROINAS CHCTEMA
BHEIIHUX HATPY30K!

® pacnpeAclCHHAsI N0 CPEAWHHON IJIOCKOCTH IUIACTUHBI HATPY3KA ¢, HOP-
MaJIbHAS K 3TOH miockocTH, Ml1a;

® DpACTIPCACICHHAS TI0 CPCAMHHOW TOBCPXHOCTH TUIACTHHBI PaguaIbHAS
Harpyska ¢, , MIIa;

® PABHOMCPHO PACHPCACICHHAA TO OKPYKHOCTH MOMCHTHASI HArpy3ka me,



H-ym/™Mm;

® PABHOMCPHO PACIPEACICHHASL IO OKPY/KHOCTH MONCPEYHAS HATPY3KA, Pas-
HOJACHCTBYIOLIAA KOTOpOH pasHa P, H;

CxeMma Harpy>kCHud IUIACTHHBI MPCACTABJICHA Ha puc.l.2. YkazaHbl NOIOXKH-
TEJBHBIC HAMPABJICHUS COCTABIIIOIMX BHCIMHEH HATPY3KH.

i 7,
—— ;éé’;%{é; ,é;;;;f;;’;fﬁéf%ﬁ%—;

! XB P ]
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Puc.2.1. Cxema Harpy:KeHH IJIACTHHBI

B ofmemM cayvae miacTHHA MOKET OBITh HATpETa A0 TeMmeparypel I =T, +kz
(z — paccTOsAHHE TOUKH IUTACTHHBI OT CPEIMHHOH IUIOCKOCTH). TeMmmnepaTypa CcpeauH-
HOH TUTOCKOCTH M3MCHACTCA BAONh PAIHyCa Mo 3axammoMmy 3akony 7, =7, (r). Tlo

TOIIMHE IIACTHHBI TEMIICPATYPA H3MEHACTCA MO JIMHEHHOMY 3aKOHY C 3aJaHHBIM
AT (r)

()

K03 (HUIHCHTOM MPOIOPLHOHATBHOCTH Kk =k (r) = . rae AT (r)- mepemaz

TCMIICPATYPHI IO TOJNIMHHC IJIACTHHEL

YCr0BHMCA CUATATh MPOTHOBI ILIACTHHBI IMOJ ACHCTBUEM MONCPEHHOH HATPY3-
KH MAaJIbIMH 110 CPABHEHHEO C OCHOBHBIMH Pa3MEpaMH IJIACTHHBL. BCIeACTBHE MAIOCTH
nporu0oB M OTCYTCTBUS PAJHATBHOM HATPY3KH MOKHO MPEHEOPEYb PaaHAIbHBIMH
CMETICHHAMH TOUYSK CPSTHHHOHN TUTOCKOCTH TITACTHHBI,

Teopusi TOHKHX IUIACTUH ¢ MAJIbIMH NPOTHOAMH CTPOMTCHA HA CICAYIOLIMX OC-
HOBHBIX JOITYIICHHAX

e TOUKH MNJACTHHBI, JICHKALIMC A0 HATPY)KCHHS HA HOPMAIH K CPCAHMHHOH
TUIOCKOCTH, OCTArOTCH B MPOILECCE W3rnda HA HOPMAJM K €€ CPEIHHHON MOBEPXHOCTH
(TUmoTE3a MPSAMBIX HOPMAJIEH);

¢ HOPMAJbHBIMH HAIIPUKCHHAMH B HAIPABJIICHHH, IIONCPCYHOM K CpGI[I/IHHOI‘/’I
IUIOCKOCTH TIACTUHBL, T.€. JABICHHEM MEKIY CIOAMH IJIACTHHBI, AOMYCTHUMO IPEHE-
Operate (TaKk KaK OHH BEChbMAa MaJbl B CIYy4a¢ MOBEPXHOCTHOM PACTPEICICHHOM
HATPY3KH, HIM HOCAT JIOKATBHBIH XapaKTEp — CO3JAETCH y3Kasd 00JaCTh KOHTAKTHBIX
HANPSLKCHUE — B CIYy4ae COCPEIOTOUCHHBIX HATPY30K),



e B CPSIMHHOH ITOCKOCTH ILTACTHHKA HE HCHBITHIBACT Acopmarmii. [lpu mu3-
THOE 3Ta ITIOCKOCTh OCTAETCA HEHTPATBHOH.

IlepBbic ABA AOMYINCHHUA HOCAT HA3BaHUE cunomes Kupxeogha-Jlasa.

PagnanbHBIC U KOJTBICBRIC HOPMATBHBIC HAMPSDKCHHS, BO3HHKAIOIIHNC B TOHKOH
JKECTKOM IUIACTHHE NOA ICHCTBHEM VKA3AHHOW BhIE (PHC.1.2) OCCCHMMETPHYHOH
HATPY3KH, PACTIPEACIIIOTCS MO TOMMIMHE MIACTHHBI IO JIMHCHHOMY 3aKOHY H B TOUYKAX
CPEOUHHON MOBEPXHOCTH PABHBI HYJIFO, KAK MTOKA3AHO HA puc.1.3.

: M,
o, :;;&\\\\ §\\\ ,:" r

iF

L,

Puc.2.2. BHyTpeHHHE YCHINSA H HANPAZKCHUA B TIJTACTHHE

CTaTHYECKHUMH 3KBHBAICHTAMH BHYTPCHHHX HOPMAJIBHBIX CHJI, IMPHXOOAIIHXCA
Ha COUHHIY AJTHHBI KOIBLICBOI0 H PATHATIBHOTO CG"IGHI/IfI, SIBJIIFOTCS KOJIBIICBOH H pa-

AuanbHbid m3rudaromue MomeHtel M, u M, (H'mm/mm). Ha puc.1.3 mokasansr ux

MOJIQYKUTCTLHBIC HAMPABICHUSA, BBHIY CUMMETPHH H3rHOAIOIIMEC MOMCHTBI ABJISIFOTCS
(PYHKIHSMH TOTBKO KOOPAHHATHI F.

HanpspkeHua B MIIACTHHAX AOCTUTAOT HAUOOIBIICH BEIMYUHBI B TOUKAX BEPX-
HEH U HIDKHEH MOBEPXHOCTEH M CBA3AHBI ¢ H3THOAIOIMHUMH MOMEHTAMH COOTHOIICHHU -

MH.

ma _ — OM,

O-r =+ hQ N (21)
oM

o =F st (2.2)

B ¢opmynax (2.1) 1 (2.2) BEpXHHC 3HAKH OTHOCATCA K BEPXHCH MOBCPXHOCTH
MJIACTHHBI, 4 HIZKHUE — K HUOKHCH.

Pemenre 3aaaum 0 pacuére HAMPSHKEHHO-ACPOPMHPOBAHHOTO COCTOSHHSA PaC-
CMATPUBACMBIX KOHCTPYKLMH CTPOHMM HA OCHOBC TCOPHHM TOHKHX IUTACTHH B [COMCT-



PHYECCKH W (PU3UYUCCKH JTHHCHHONW MOCTAHOBKE. MOJATAcM, YTO MEPEMEMICHUS TOUYEK
IJIACTHHBI MAIbl U COpaBeATHMB 3akOH ['vka. Tawke A IIACTHHBI JO/DKHBI OBITH
cnpaseAyMBbI THNOTE3BI Kupxrodga-Jlisa.

3. YPABHEHHUA OCECHUMMETPUUYHOMN 3ATAYH
N3TUBA KOJBIEBBIX IINTACTHUH

Paspemaroryto cucteMy auipepeHIHATLHBIX YPABHEHHH 11 KOJIBIEBOH IIa-
CTHHBI MOIYYHM H3 OOIICH CHCTEMBI VPABHEHUHN A1 OCECHMMETPHUUHBIX 000104eK [1].
HpI/I BbIBOOC ypaBHeHI/Iﬁ ONPpHHHMACM BO BHHUMAHHC, YUTO A1 IIIACTHHBI HMCIOT MCCTO
CASTYIOIIHE OCOOCHHOCTH;

® Yroa MC/KIY HOPMANBIO H OCBIO BpaIlcHuUsA ¢ =0
® HANPABICHHC KACATCIHHOM K MCPHAHAHY COBINANACT C PaaualbHBIM
HATIPABJICHHEM (5 =r) ;

® TMCPCMCEIICHHE M TO KACATEIbHOW K MCPHAMAHY COBMAAACT C PaauaIbHBIM
NEPEMEIICHUEM A |

e nporud mIACTuHbl w =—C (£ — OCEBOC MEPEMCLICHHUE),
e pacmopHoe ycuiame R coBmagaer ¢ paauaabHbBIM HOPMAIbHBIM YCHIHEM N |
e momncpecuHoe veuaue () =—F  (F — 0CceBOC YCHITHE),

C y4eTOM YKA3aHHBIX OCOOCHHOCTEH MOJIy4acM CACAYIOIYIO CHCTeMYy Judde-
PCHIMAIBHBIX YPABHCHHH JJIS KOJBICBOW TJIACTHHBI;

d g

dr

dS u. M

—=—=—9+—T+ko(l+ ),

dr r D (+2)

d 2\ 9 2
—(M,r)=D(1- i )=+ pM, +0r = D(1- ¥ kot . 3.1)
dr r

d

—(Or)=-rg.

—(0r)=-rq

du o 1-u’
—=——u+——N_+oal,(1+y),

dr ¥ Eho o+ 4)

d Eh

d_(Nrr) =—A+uN, —rq, — EhaT,,
ia r

rac § — yroJ moBopoTa HOPMad K CPSAWHHOM MIOCKOCTH MJIACTHHBL Pa;
ER

D= ——— — IWIHHAPHYCCKAS KECTKOCTH, H*MM.
12(1- ,uz) P



Cucremy muepeHIHMATBHBIX VpaBHCHHH (3.1) JOMOTHHM CICIYIOIMUMH
YPABHCHUAMHU, TAKAKE 3aHMCTBOBAHHBIMH 13 TCOpPHH 000104¢K [1]:

N, == uN, +Eh(£—o¢TOJ, (3.2)
r
3
M, == ulM, +%(£—k(x]‘ (3.3)
12 \ r

Cucrema ypasHeHuit (3.1) pacmagaeTca Ha aBe moACHCTEMBI. TloacucTema, co-
CTOAIASA W3 MEPBBIX YETHIPEX YPABHEHUU CHUCTEMBI (3.1), ONMCHIBACT MONMEPEUHBIA
u3rud miaactusbl. [loacucreMa, BKIHOHAKOINAS MOCICIHUC [ABA YPABHCHUA CHCTCMBI
(3.1), onMHUCHIBACT PACTLKEHUE MTACTHHBI B €€ TIOCKOCTH.

ITonoxuTenbHbIE HATPABICHHUA BHYTPECHHHX YCHIHH H NEPEMEIICHHN MPHHH-
MAaeM B COOTBETCTBHH C TEOPHCH TOHKHMX JKECTKHMX IUIACTUH (pHC.3.1).

| r muuqmnw

Puc.3.1. TlomoxuTeIpHBIC HATIPABICHHSA
BHYTPEHHHUX YCHIIMH H NMEPEMCINCHUN

B Tecopun TOHKHX IIACTHH HM3rHOAaroliMe MOMEHTBI A/, m Af,, momepedHas

cuna () ¥ yroia nmoBopoTa HOPMANH ¢ MMCIOT 00PaTHBIC 3HAKH MO0 CPABHCHUIO C TCO-
pueit odomouek. [IpuaepkUBaACh TCOPHH TOHKHX TJIACTHH, BHOCHM COOTBETCTBYIOIIHE
HM3MCHCHHUS B ypaBHeHUsA (3.1). B pesynbrarte noaydacm ClacAyoOIy 0 cucrtemy audde-
PEHIMANBHBIX YPABHCHUH A4 PEIICHHUA 3aJa4d 00 H3ruOe KOIbLCBOH ITACTHHBI:

by
dr
d9 u, M
— == +——fka(l+ u).
dr v D (L4
d 2 '9' 2
—(Mrr):D(l—,u )—+,qu+Qr+D(l—,u Yee (3.4)
dr r

%(Qr) =rq.



C y4eToM HM3MEHECHMA 3HAKOB M3ruOarommx MOMEHTOB Af, . A, W yria moBo-
poTa HOpMaIH 9 ypaBHECHHE (3.3) MPHUMET BUA

3
M, = uM +Eh [£+kaj. (3.5)
12 \ r»

Cucrema guepeHIMATBHBIX YpaBHEHHI (3.2) ¢ MEpeMEHHBIMH KO3()(DUIHCH-
TaMU B OOLIEM CIy4ac MOKET OBbITh PEIICHA TOJBKO YHCICHHBIMH MeToAamu. Ecim
TOJIIIMHA TTACTHHBI MOCTOSHHA, (PH3HKO-MCXAHHUYCCKHC MAPAMCTPBI KOHCTPYKUHOH-
HOTO MaTEPHAIA U MAPAMETPBI TEMIEPATYPHOIO BO3ACHCTBHS COXPAHAIOT HOCTOSHHBIE
3HAYCHUA, T.¢. h, E, u, o, 1. k = const , MOYKHO NOTYYUTb AHATTMTHYECKOE PEIICHUEC

paccMaTpHBAEMOU 3a1A4H.

4. YACTHIN U3Ir'UB KOJbIEBOU IJIACTHHDI

PaccMOTpuM YHCTBIN H3THO KOIBIECBOH MIACTUHBI, KOTAA TMOMEPEYHBIC CHITI B
€€ KOJBIEBBIX CCUCHUAX OTCYTCTBYIOT, T.. {J =0.

IMonaras, uro h, E, u, o, k =const, CTaBUM 33424y MOJIVYATh AHATHTHYECKOC
pemieHue CHCTEMBI AP epeHIMATBHBIX YpaBHEHHH (3.2)

I1pexkne Bcero, OTMETHM, YTO M3 YPABHEHHA (3.4) BBITCKACT:

DY M, —uM
P Dk *.1)
¥ 1-u
CrnemoBaTenpHO, TPETHE YPABHCHHE CHCTEMBI (3.2) MOYKHO 3aIHCATh B BHIC
d
—(M,r)=M,+0Or 4.2)
dr
WJIH, YUYHTBIBAA, YTO MPH YUCTOM H3rude O =0,
d
— (M, r)y=M,. 4.3
dr (M,r)=M, )

YMHOKHM BTOPOE YPABHEHHE CHCTEMBI (3.2) HA D(l— y)r , 4 TPETBE YPaBHE-
HHC VMHO)KHM HA F, TOCJIC YE€TO CIOKHM 3TH YPABHCHHA, YuuThiBasi, 4ro O =0. B
pe3yIBTATE MOTYYHM:
d
rd—[(l— p) (D) +M r | =(1- u) (DY) +Mr. (4.4)
r
CTaHOBUTCS OUEBUAHBIM, YTO PELIeHHE 33024 CBOAUTCA K PEIIeHUI0 qud-
(depeHIIIaNBHOTO YPAaBHEHHS C Pa3Ae /IaIONIIMICA IIepEMEHHBIMI !

dy
r—: . 4.5
dr Y (4.5)



rac

y:(l—,u)(DS)Jerr . (4.6)
Paspemaa nepeMeHHBIC, MOTYYHM
L = const “4.7)
¥

WU C YUCTOM BhIpa:KcHUA (4.6)

(I—M)DT9+Mr =const . (4.8)

D8
[Moacrasmas B ypaeHenue (4.8) BeipazkeHue (4.1) am1s — , moay4uM
v

lf_l_—/uf_Dk(x (l—u) = const . (4.9)

HJTH
M, +M, =const . (4.10)

CootHowcHue (4.10) MOKA3BIBACT, YTO CYMMA PAJHATBHOIO H KOJBLCBOIO H3-
rHOAFOIMX MOMEHTOB BO BCEX KOJBLCBBIX CCHCHHAX ITACTHHBI OUHAKOBA.

O603Ha4YHM PAIUATBHBIA H KOJBLCBOH H3THOAKIIHE MOMCHTBI HA BHYTPCHHCM
KOHTYPE TUIACTHHBI # =a uepes M. u M., T.e. M, (a) =M. M, (a) =M. Torna,

MPUHUMAs BO BHUMAHUE COOTHOMICHHE (4. 10), MOKHO 3anmucarh
_ 0 0
M, +M, =M + M, . 4.11)

[Moacraensiem B ypaBHcHUE (4.11) BeipaskeHue (4.3) A7 KOJBLEBOTQ U3ruda-
IOIIEro MoMeHTa A/, . B pe3yabTaTe nostyummM:

d
d—(Mrr)Jer =M +M’ (4.12)
r
WIH
l-i(Mrrz) =M"+M° . (4.13)
rodr
Hurerpupys ypaenenue (4.13) B mpenenax ot ¢ a0 r, NOIYYHM
2 2
M, (r)r? =M a® = (M° + 110 ) 2“ : (4.14)
OTKY,Ja
o1+a* 1’ o l—a’/r’

(4.15)

t

M, = M) ———+M

BrlpazkeHue A5 KOJBLEBOTO H3rHOAOIICTO MOMEHTA MOy YHM W3 YpaBHCHHUS (4.3):
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22 2.2
Mtszl a2/r +M101+a /¥ . (4.16)
Bseaem B paccMOTpeHHE (DYHKITHHE:
1+ 27
v, (A)=w,(2)= B 4.17)
1-4°
7 (Z,) =y, (ﬂ,) = 7 (4.18)
re
A=alr. (4.19)
Tenepb ypapHeHus (21) 1 (22) MOKHO MEPENUCATh B BHAC:
M, =My, (/1) +M )y, (/”L), (4.20)
M, =My, (/”L)+Mtol//ﬂ (/”L) ) 4.21)

YpaBHEHHE 715 YIVIOB MOBOPOTA HOPMAJIH IIOIYYHUM, IIOACTABIIAS B COOTHO-
menwue (4.1) ypasaenns (4.20) u (4.21):

A)— A
DS oty ) o ta G =m0 B) ey g
r 1-u I-u
Beezmem B paccmMoTrpeHMe QYHKITHI:
Ir ﬁ“ o rr 2’
v, (1) - LB, ), (423)
1-u
A)- A
ws,(z):‘/"f( I_i ‘2’/”( ) (4.24)

Teneps ypaBHeHHE (4.22) Aad YIVIOB MOBOPOTA HOPMANH MOYKHO 3AIUCATh B
BHJIC
DY =Mry,, (X)+Mry, (L) Dkor. (4.25)

YMHOXKHM 00¢ YACTH TICPBOTO YpaBHEHHUA CUCTEMBI (3.4) HA D dr W mpoHHTE-
TPHUPYEM MOJIYVUYEHHOE COOTHOIIEHHE B MPEACIaxX OT ¢ 110 F:

Dw(r)—Dw(a)= jDSdr . (4.26)

[ToacraBuM B ypasHeHHE (4.26) BoIpaxkeHue (4.25) ana D9 . OOZHOBPEMEHHO
BBCACM O0O3HAYCHUC 1A MPOoruda HA BHYTPCHHEM KOHTYPE ILUTACTHHKH

w, =w(a). (4.27)
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B pesyasTare mosmyunm

Dw = Dw, +ijrt//9r (A)dr +ijrw9, (A)dr —jDkocrdr : (4.28)

a a

IMoacraemsast B ypapuenue (4.28) BopaskeHus (4.23) m (4.24) o QyHRmi
v, (1), Wy (A) H npuHEMas Bo BHEMaHKE BbIpaeHHe (4.19) ams mapamerpa A .
MOJIYYHUM VPABHCHHC A1 MPOTHOOB TUIACTHHKH:

I

DW:DWO +Mr0’,2 'iQJ‘rl//rr(Q’/f")_ﬂ;//rr(a/}‘)dr_’_
s 1- 4

_ 2 2
AL -ier”(a/r) e 21 GRS O e (4.29)
S 1—p 2

BoamMm B paccMOTpeHHE (DYHKIHH
1y, (A)—uy,, (A
l//wr(j‘):_j tr( ) ( )

pe a - rdr , (4.30)

1 ey, (A)-uy, (4
wwr(ﬂ)=r—2£ . 1_“2 5 (431)

Ypasuenue (4.29) npuanmMaer Buz;:
Dw=Dw, + M riy, (/1) +M 2y, (&)—Dkarzl,uw:r (/'L) . (4.32)
Tac
1-2°

W (A)= o (4.33)

Beipaxkenuda ama GyHKUHH Y (/”L) Hy,, (ﬂ,) MOIYYNM, BBINOTHAA HHTETPH-
poBanue B ypaBHeHUX (4.30) u (4.31):

1 2 2 2
v, (1) =——0-w)(1- )+ A+ WA  InA7], (4.34)

A1)
1
L) =———[0-w(A-A*) =1+ A’ In A7, 435
W, (1) LA | (4.35)
Taxkum 00pa3oM, B Pe3yIbTATC PCIICHUS CHCTEMBI TH((PCPCHIIMATBLHBIX YPaB-
HEHHH (3.2) MOJIyYCHBI PACUCTHBIC COOTHOIICHUA AT CAyYas YUCTOr0 H3ruda KOJblc-
BOH IUIACTHHBI:

Mr :M:)l//rr (2')+Mtol//rf (2')’

M, =My, (2)+ 10, (7). (+36)
D3 =M rp, (A)+M ry, (1) - Dkar,

Dw=Dw, +Mriy, (/1) + My, (Z)—Dkocrzwwir (2,)

12



VYpasucHug (4.36) 3anucansl B (DOPME METOAA HAYAJIBHBIX TAPAMCTPOB,
HavampHbiMEH mapaMeTpaMHu SBIIOTCH PAJHANBHBIA U KOIBIECBOH H3rHOAOLIHE MO-

MeHTBl M), M, a Takke mporud W, HA BHyTPEHHEM KOHTYpE ILIACTHHBL X umc-
JICHHBIE 3HAYCHHA ONPEIEIAIOTCA M3 TPAHHYHBIX VCIOBHH HA BHYTPEHHEM H HAPYIK-
HOM KOHTYPAaX IIACTHHBL. OYHKIHH Y/, (1’ =r,t,9,w, j :r,t,T) HA3BIBAKOTCA CO-
NPOBOKIAFOIMUMHE (DYHKIHAMHE JJIA IDIACTHHBL. VX 4HCIOBBIC 3HAYCHUA NMPOBEICHBI B

padote [2]. TTapameTp A BBINOJAHACT (DYHKIIO OC3pa3sMEPHOH KOOPAHHATHI KOJIbIC-
BBIX CEUCHHH IUTACTHHHL.

B kauecTBe mpumepa BBIMOJIHHM PACHeT KOJbLUEBOH MIACTHHBI, PACYETHAS CXe-
Ma KOTOpOH mpeacrasjicHa Ha puc.4.1. [1l1acTHHA KECTKO 3aKperrIcHa IO BHYTPEHHE-
MY KOHTYPY, HA HAPYKHOM KOHTYpE ILUIACTHHBI MPHIOKEHA MOMEHTHAA HATPY3KA .
OTHOMIEHHE BHYTPSHHETO paauyca K HApykHoMY a/b =0.2 , TemmepaTypHbIH HATPEB
MJIACTHHBI OTCYTCTBYET.

i

b

Y

Puc.4.1. PacuerHas cxeMa IJIACTHHEL

BBuay OTCYTCTBHA MONEPSUHON HATPY3KH OCEBAs PEAKIHA OMOPBI HA BHYTPEH-
HCM KOHTYPE IJIACTHHBI paBHA HYIHO. CICA0BATEIBHO, MIACTHHA PAOOTACT B YCIOBHUIX
YHUCTOTO M3THOA, U €€ HANPSKCHHO-IC(OPMHUPOBAHHOE COCTOSAHUEC OMHUCHIBACTCA ClIC-
JVIOIICH CUCTEMOU YPABHEHUH

M, :Mfl//rr(a/r)+Mft//ﬁ(a/r),

M, =My, (a/r)+Mt°t//”(a/r),

DY =M ry, (alr)+Mry,(alr), (4.37)
Dw = Dw, +Mr*y, (alr)+Mr’y, (alr).

Jlast onpeneneHus HAYa bHBIX mapametpos M., M. w, (opMyaHpyem rpa-
HUYHBIC YCIOBHAL:
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mpu r=a (A=1): 9=0, w=w,=0;
npu r=b (L=alb): M, =+m. (4.38)

Breruucnaaa no ypasHeHwaMm (4.37) yroa moBOpPOTa HOPMATH HA BHYTPEHHEM
KOHTYPC IUIACTHHBI NPH ¥ =a W PAJHAIBHBIH H3THOAOIIMH MOMCHT HA HAPYKHOM

KOHTYPE IPH  # = b , MOAYIAEM C VMETOM IPAHHMHBIX YCITOBHH (4.38) CHCTEMY THHEH-
HBIX AIreOpaneCKUX YPABHEHNH OTHOCHTEILHO HEH3BECTHBIX M . M IO :

Mlay,, (1) +May,, (1) =0,
My, (alb)+My, (alb)=m. (4.39)

[To tabmumam padoTsr [1]| HAXOAMM YHCIOBBIC 3HAYCHHS COIMPOBOKIAFOIIHX
()YHKIMIH, BXOJAMMX B YpaBHEHHUA (4.39):

W, (1) =-0,3297, W (1) = 1,0989;
17 (0,2) = 10,5200, W, (0,2) = 0.4800.
[ToacraBasseM 3HAYCHHS CONMPOBOKIAOIMHUX (PyHKUMH B cucreMy (4.39) u
HAXOJHMM €€ PELICHHE:
M? =1,506m, M =0,4518m.

[ToacTaBasas YUCIOBBIC 3HAYCHHA HAYAIBHBIX MAPAMETPOB B YpaBHEHHA (4.37),
MOJIY4ACM PACUCTHBIC (POPMYIIBI AJISI OTPSACICHHUS BHYTPCHHHUX YCHIMH H MCPSMEIIC-
HHH:

<

L= 1,506y, (alr)+0,4518y, (alr).

L=1,506y, (a/r)+0.4518y, (a/r),
=1,506ry/,, (a/r)+0.4518ry (alr), (4.40)

=1,506r%y,, (a/r)+0,4518r°y,, (a/r).

P s|Rs|Rs

Pacuer u3rubaromux MOMEHTOB H IepeMemeHui o (opMmynaaM (4.40) BhITOI-
HAEM 1A pAda 3aJAHHBIX 3HAYCHUH paguyca r. 3HAYCHHA COMPOBOMKIANOIMMNX (PYHK-
LU A7 COOTBCTCTBYIOIIMX 3HAUCHUH mapaMmeTpa A =a/r  OPUHHUMACM IO TaOIH-
maMm padotsl [2]. Hanpsbxerna BeraucisieM no (opmynam (2.1) u (2.2). B pesynbrate
pacyera moIy4vacM MOMHYE HHPOPMALHIO O HAIPSDKEHHO-IE()OPMHPOBAHHOM COCTOA-
HUHU PACCMATPHBACMON ILIACTHHBI.
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5. MONEPEYHBIN U3I'b KOJLIEBOU IJIACTHHDI

PaccMoTpHM  KONBLCBYIO MIACTHHY, HATPYKCHHYK HAHMOOJICC 4aCTO BCTPEUA-
FOIIMMHCS CHIOBBIMH (DAKTOPAMH. MOMCHTHOH HArpy3KOH mi, TIOTICPCHHOH COCpPEao-
TOUCHHOM HATPY3KOH, PABHOACHCTBYIOIIAS KOTOPOU paBHAa P, W pPAaBHOMEPHO pacnpe-
JCTICHHOM TI0 CPEIUHHON IJIOCKOCTH INIACTHHBI HATPY3KOH g (puc.3.1).

Zh
778 5 i
- Py
(1) 2 OEEEEEYR"
e e e R
" L 1
a | - p tttegris
4 - q
Cy .
Cq .
C, .

Puc. 5.1. OOnpiii cy4ail HATPYKEHHS IACTHHBI

M3 31X TpexX THIOB CHIIOBBIX (PAKTOPOB MOTYT OBbITh C(DOPMHPOBAHBI MPAKTH-
YCCKH BCC BCTPCUAOIIMCCH HA MPAKTHKE BHABI HATPY30K. CHCTCMA YKA3AHHBIX CHIIO-
BbIX (DAKTOPOB AOJKHA VAOBJICTBOPATH YCIOBHAM PAaBHOBECHS ImacTuHbl. Kak ObLio

VKA3aHO B I.2, MJIACTHHA MOKET OBITh HATPETA 0 TEMIEParypsl 7' (r) =T, (r) +kz .

IImactuHa Ha puc. 5.1 UMeeT MATH YYACTKOB HArpykeHusa. OOmme ypaBHEHHS
H3ruda MIACTHHBI MOTYT OBITh 3aMUCAHBI B ()OpPME METOA HAYATIBHBIX MAPAMETPOB:

S e A R PAC P
r P Fl Pl F r s
a a fi 7l C c

Mr = M;E) Y (_] +Mx0 Vi [_] Tmy,, [&J + Pli’/xp (_ZJ + qrzl//rq (_SJ - qrzl//rq [_4]
4 /b "l Ik ol rJls

(2] 0 (2)
1 r 2 r

C
- QFBWSQ (_4]
4 s

o]

_|_

DY = —Dkor +M° ry,, [g] +M] ry,, [Ej
r r

+ qr3l/j‘9q [C_Sj
r

3

(3.1

?

3
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Dw = Dw, — Dkar’ ey | Sl are riy ki +mriy O+
0 ijT r ll/wt t wE wim
r r r ) r A,

n & c
+ PFQWWP : + qr4l/jwq : B qr4vjwq - . (l//wT = l//rt) .
r r r
3 4 5

CompoBoxkaaromue (PyHKIUH, BXOAANIME B ypaBHCHUS (5.1), mpeacTaBiCHbI B
IMpunosxkenun 1. T[MoapobHbIe TAOMHUBI 3HAYCHAN COMPOBOKIAIMX (PYHKIUMN mpH-
BCACHBI B pabore |[2]. IlepBbiii  MHACKC CONPOBOXKAAOWCH (QyHKUUH

(i=rt. 9w j=r.t.m,P,q.T) yKa3bIBaeT HA COOTBETICTBYIOLICC YPABHCHHE, BTOPOH
HHJCKC — HA CHJIOBOM (paKkTOp, MPH KOTOPOM HAXOZUTCS 3Ta (DYHKUHSI. APryMCHTOM
CONMPOBOKAAOIICH (PYHKIMH ABISACTCA Oc3pa3MepHbIi mapamerp A, =c¢,/r, rae ¢, —
KOOPIMHATA BKTHOUEHHA VUHTHIBAEMOTO CHIIOBOTO (DaKkTopa, r — KOOPAHHATA HCCIACTY-
eMOTO CeUcHHs (TeKyluas koopauHarta). [Ipu 3ToM Becerma ¢, <7, TAK YTO MapaMeTp
A, m3MeHserca B nmpeaenax 0< A, <1. HeobxogmMo eme pa3 NOTYEPKHYTh, YTO CH-

noeoi (paxrop P, Bxomsammit B ypaBHCHHS (5.1) SBISCTCS PABHOACHCTBYIOMICH MOIIC-
PECYHOM COCPEIOTOUCHHON HATPY3KH, PABHOMEPHO PACHPEACICHHOH MO OKPY>KHOCTH

paamyca ¢, .

JUis pacuera IepBOTO y4acTKA IIACTHHHL (a <7 <¢ ) CICAYeT MONb30BATHCA
YJICHAMH YPABHECHUH, PACIIOJIOKEHHBIMH CJICBA OT BEPTHUKAIBHOM YEPTHI C HHACKCOM 1.
Jnst pacyera BTOPOro y4acTtka (c1 Sr< 02) HAZo0 OpaTh CIaracMbIC 10 BEPTHKATBHOM
YEPTHI C HHASKCOM 2 U T.A4. J14 pacyera moCiaeIHEro, IATOTO YUACTKA CIEAYET MPOH3-
BOJWTH BBIYHCICHHUSA, MOIB3VACH NOIHBIMH VpaBHEHUAMH (5.1). IIpu nepexoae ot yer-
BEPTOTO YYACTKA K MATOMY A1 COXPAHCHUS MPUHATOH CTPYKTYPBI YPABHCHHM PABHO-
MEPHO PACHPEACACHHYE) MOJOKHTCIBHYEO HATPY3KY ¢ CHUHTACM MPHJIOKCHHOH K IUIa-
CTHHC H HaA IATOM Y4YaCTKC, OAHOBPCMCHHO HA ITATOM YHACTEKS IPHKIAABIBACM OTPH-

LHATEIBHYHO (KOMIICHCHPYIOIIYI)) PABHOMEPHO PACHPEACICHHYK) HATPY3KY ¢ . Kak
MOKA3aHO HA puc.5. 1.

T[Ipu pacuere KOMBIIEBOI TACTUHB HaualbHEIE TTapameTpst M. , M) | w, B

obIjeM CIydae HeM3BeCTHSHI. VX onpeziensaioT U3 IPaHUYHbIX YCIOBHIT Ha BHYTPEH-
HEM H Hapy}KHOM KOHTyan IITACTHHBI. OCHOBHI)Ie THIIbI I'paHI/I‘{HI:IX YCJIOBI/IfI HA
BHYTPEHHEM KOHTYpe IUIaCTHHHI IIpefcraBiaeHs! B [Ipunoxenun 2, Ha HapyXHOM
KoHType — B llpmioxenun 3.
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6. AITOPUTM PACUETA KOJBITEBOM IJIACTHHBI

AIrOpuT™M PacycTa KOJBLECBOM ILIACTHHBI BKIKOYACT B CEOS CACAYIOIIUC OIC-
parm.

1. CocraBmaeM pacuCTHYH CXCMY 3aJAaHHON KOHCTpykuuH. Ha cxeme HC0OXO0-
AUMO IIOKA3aTh YUACTKH HATPYKCHHUA INIACTHHBI H PCAKITHH OCCBBIX OIIOP.

2. 3amuChiBaeM O0IMUE YPABHECHUS H3THOA 3aJAHHOM TIACTHHBI B (DOPME METO-
74 HAYATBHBIX MAPAMETPOB C YIETOM OCOOCHHOCTEH MOCTPOSHHOM PACUETHOH CXEMBL.

3. HaxomuM HauyambHbIE mapameTpsl M. . M, | w, W PEAKUHH OCEBBIX OMOP

NJIACTHHBL 711 onpeaeneHus 3THX BEIHYHH HCTIONb3YEM:
® TPAHHYHBIC YCIOBHA HA BHYTPCHHEM H HAPY;KHOM KOHTYPAX IUIACTHHBL,

® VPABHCHHUE PABHOBECHA ILUIACTHHBI ZFZ =0,

® YCIOBHSI PABCHCTBA HYJIO NMPOruOOB B KOJBLEBLIX CCUCHHUSAX, [AC YCTAHOB-
JICHBI IPOMEKYTOUHBIC OCEBBIC OMOPBI.

4. BBIMONHACM PACYCT KOMIIOHCHTOB HAMPSDKCHHO-AC(POPMHPOBAHHOIO COCTO-
SHHUA B 34 0aHHBIX KOJBICBBIX CCUCHHIX IIACTHHBI.

B kayecTtBe mpuMepa BBIIOJHHM PacUET KOJIbLECBOH NIACTHHBI, MPEACTABICH-
HOH Ha puc.6. 1.

Z

W Oy ¥ ¥y

o

b

Puc.6.1. Cxema HAarpy>kCHHA KOJbLUEBOH MIACTHHBI

IInacTuHA KECTKO 3AKPEIUICHA 10 HAPY/KHOMY KOHTYPY, BHYTPCHHHH KOHTYP
CBOOOJCH OT 3aKpEIVICHHH. B KOBIEBOM CEYEHHH C PATHYCOM ¢, YCTAHOBICHA OCE-

Bad onopa. [InacTuHa HAXOAUTCA MO BO3ACHCTBHEM HATPY3KH ¢, PACHPEACTICHHON IO
IUIOLIAAM MEKAY KOIBLEBBIMH CEUCHHSAMH C PAJIHYCAMH ¢, H ¢, . TeMIepaTypHBIi

HATPEB MJIACTHHBI OTCYTCTBYCT. 3aJaHBI TCOMCTPHUYCCKHC Pa3MEphl IUIACTHHBI H 3HA-
YCHHS (PH3HKO-MCXaHHYCCKUX MAPAMCTPOB KOHCTPYKIMOHHOTO MATCPHATA.
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PacueTHas cxema MIaCTHHBI MPEICTABICHA HA puc.6.2,

Zh
i By 9 4
| —l REREE
I EEEENEEEREERE N NN
e e e e
| I @ 2> @ ® il - !
a @
Cy

C,

b

Puc.6.2. PacuerHas cxeMa KOJIbIEBOH INIACTHHBI

TI1aCcTHHA MMECT YETHIPE YUACTKA HATPYKeHHs: yuactok 1 (a<r<¢): yua-
cTok 2 (¢, <r <c,) W T.x Bo3ueHCTBAC OTPUIATEILHON HATPY3KH ¢ PACTPOCTPAHI-

CTCS U HA YCTBEPTHIM YYACTOK (03 <r< b) . J1s1 KOMIIEHCALIHH HA YETBEPTOM YYACTKE

NPUJIOKEHA IOJIOKUTEIbHAS HArpys3ka ¢. B omopax miacTHHbI BO3HHKAHOT OCEBBIC
peakuyu 7, u 7.

OO01ue ypaBHCHHS W3ru0a AAHHOH MIACTHHKH MPUHUMAKOT CICTYHOUIHI BUA;

7] C C
(2] (2] o)
. r ), r v
7] C c
+ 1 [—lj —qriy, (—2] +qriy, (—3j
1 r 2 r 3 r
fi c
+ Tln//sp [%) - qr3l//9q (72]
1 2

+ er 2lIUWP [ﬂj
r

Mr :Mr(‘) l//rr [Ej +MIO l//rt [E
r r

>

4

>

4

c
+ qr3l/j.9q [_SJ
3 v

a a
Mz :M;) ¥V [7]+MI0WII [?]

2

4

DS :Mfm//.gr [%)‘FM;O e, [%j

Dw=Dw, +M’ riy, [Zj +M Py, (ﬁj
¥ y

C C
—q'y,, [—Zj +qr'y,, [—3j
r 3 14

1 2

(6.1)

4

18



Jls1 onpeaeneHusl HEM3BECTHBIX HAYATBHBIX mapaMeTpos A, , M) | w, wu
peakuuii Onop MWIACTHHBL 7, B 7, UCTIOIB3YEM:
® TIPAHHYHOC YCIOBHC HA BHYTPCHHEM KOHTYPE IUIACTHHBI

M =0 mpu r=a, (6.2)
¢ TPAHHYHBIE YCIOBHUA HA HAPYKHOM KOHTYPE ILUIACTHHBI:

$=0mpu r=>»5, (6.3)

w=0 npu r=5, (6.4)

® YCIOBHE PABEHCTBA HYIIO MPOIruOa B KOJBLIEBOM CEUCHMH ILUIACTHHBI ¥ =C, ,

rA¢ YCTAHOBIICHA JOIOJHHUTENBHAS OCEBAs ONOpa:
w=0 mpu r=c, (6.5)

® YPABHCHHMEC PABHOBCCHS TTACTHHBIL
TI+T2—q7r(c§—c§):0. (6.6)

W3 ycaosud (6.2) HEMOCPEACTBEHHO CACAYET
M?=0. (6.7)

Boruucnsist mo ypaBHeHuAM (6.1) yroa moBopoTa HOpMAaaM U MPOTrHd HA HAPYK-
HOM KOHTYPEC MJIACTHHBI IPH » = b, MOMY4YAeM ¢ YHCTOM TPAHUYHBIX YCIO0BHH (6.2),
(6.3) u (6.4) cneayrOmKUe COOTHOIUCHHUS

a 1 c c
M by, (Zj + 10y g [%] —gb’yy, [fj +qb’yy, [fj =0, (6.8)
a i c c
Dw, +M, by, (zj + 10, [%} —qb 4l//wq [f] +qb 4qu (fj =0. (6.9

Berucsas no ypaBHeHHEO (6.1) mporud® B KOIBLECBOM CCUCHHH 7 = ¢, IUIACTH-
HBI, TIOJIY4AeM C YUETOM YCIOBHA (6.5):

1

Dw, +M° by (ij =0. (6.10)
H

CooTHomicHu (6.6), (6.8) — (6.10) COCTABIAIOT CUCTCMY JTHHCHHBIX anrcOpau-
YCCKHX YPABHCHHN OTHOCHTCIBHO HCH3BECTHBIX M. . w,, 1,. T,. Pemas 31y cu-

CTCMY, HAXOAHMM HAYAJIbHBIC MAPAMCTPBI M PEAKUHH OMop muacTuHel. Jamee mo ¢op-
mynam (6.1) HaxoaAuM H3rudaArOIUEC MOMCHTBI M TICPEMCIICHUS B 3aJaHHBIX KOJIbIIC-
BBIX CCUCHHWSX MUIACTHHBI. HampspkeHwus BeraucisieM mo gopmyaam (2.1) u (2.2).
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7. MONMEPEYHBIA N3TUE KPYTJIOU IIJIACTHHEI

PacdeTnas cxeMa KpyriioH MIaCTHHBI PEACTABICHA HA pUC.7. 1.

Zh
m r“r'@"r" h
(1 @ (3 CHEEREEEEE
| E— o it ¢t 7
(] . P q
[ .
[ B .
Cy i .
b I

Puc.7.1. PacuetHad cxemMa KpyIJioH IUTACTHHBI

Kpyraag miactuna, Tax e KAk U KOJIbLEBas (puc.5.1), HAXOAMTCH MO BO3-
JEHCTBHEM MOMEHTHON HATPY3KH 2, TONEPEHYHOU COCPEIOTOUCHHOM HATPY3KH P u
PABHOMCPHO PACIPCACACHHOR MO CPCAUHHON MIOCKOCTH MJIACTHHBL HATPY3KH ¢. Kpo-

M€ TOTO, TJIACTHHA MOMKST OBITh HATPETA A0 TCMMCPaTypsl 7 (r) =7, (r) +kz .

OO0mue ypaBHeHH H3ruda A1 MEPBOrO YYACTKA KPYITION MIACTHHBI MOy YUM
W3 VpaBHCHHH (3.1) And KOJBUCBOH IJIACTHHBI, MOJATAS PABHBIM HYJIIO PAJIHYC LCH-

TPAJIBHOTO OTBEPCTHA (a = 0) U IPUHUMAA BO BHUMAHHE, YTO B LIEHTPE KPYIJIOH ILIa-
CTHHBI Mf = Mt0 .
O003HaYHM H3rHOAXONIMH MOMEHT B LIEHTPE KPYIJIOH miacTuHel M . Mcnoms-

3V BBIPAKCHHUA JJI1 COMPOBOXKIAKMMX (DYHKIUI, MPHUBCACHHBIC B [IpumoskcHHH 1,
MOJIYYAaeM CIEAVIOIIHE YPABHEHUA U1 IEPBOrO YYACTKA KPYIIOH IUTACTHHBI:

M, =My, (0)+M0Wrz (0) =M, (Wrr (0) TV (0)) =M, ,

M, =My, (0)+Myp, (0) =M, (v, (0) +y, (0)) =M, .
D8 = —Dkar+Mpy g, (0)+Mry,, (0) =

= —Dkotr +Mr (w,, (0)+y,, (0)) = —Dkar + My, . (7.1)
Dw = Dw, —Dkary, . (O) +M iy, (O) + My, (O) =

= Dw, — Dkary, (0)+ My (y,,, (0)+w,, (0)) =
= Dw, —0,5Dkar® + My’

20



YPaBHeHI/DI AJl OCTaJIbHBIX YIaCTKOB prl".]'[OfI INTIACTHHBI IMOJIHOCTBKO COBIIA-
JAK0T C COOTBCTCTBYOIIIHMH YPABHCHHAMH JJIA KOJIBIICBOH IJIACTHHBL.

TakuMm 00pa3zom, 00LIHC YPABHCHHA M3THOA KPYTJIOH IUIACTHHBI, 3AITHCAHHBIC B
(hopMe METOAa HAYATHHBIX MAPAMETPOB, MPHHUMAIOT CICAYIOLIIH BH,

C C
+qriy,, (—3 -qr'y,, [—1 ,
r r 5

1

Mr :M0|1+ml//m7 (i +Pl//rP (n_z
r r

2

+ Py, (—2] +qriy, [C—‘“’ —qriy, [C—“] ,
2 r 3 r 4 r 5

D8 = —Dkor +M, I"I/J9| +mry, [—IJ +Pry, (”l_zj +
r r
3

C.
+qriy,, (73) —qriv,, (
4

Dw = Dw,—0,5Dkor® + M’y 1 +mr21//wm(

3

Mt = MO |1 + me [ﬂ]
r

(7.2)

b

5

7i

_I_

r

+Priy,, (H—QJ +qr'y,, [6—3] -qr'y,, (c—“ :
r 3 r . b s

R JEL S N
Ve 2(1+p)

YpapHeHus (7.2) AmA KPYrIOH IUTACTHHBI COACPKAT ABA HAYATBHBIX MAPAMET-
pa: M, u w, — H3rHOAOIIHI MOMECHT H IPOTHO B IEHTPE ILTACTHHEL. B o0meMm ciy-

4yae 3TH NapaMeTPsl HeH3BECTHBL. OHU ONPCACIAIOTCS U3 TPAHHYHBIX YCIOBHI.

AJITOPUTM PACUCTA KPYIIIOH MJIACTHHBI MPAKTHYCCKH HE OTIUYACTCA OT aaro-
PUTMA PacyeTa KOAbUCBOH IUIACTHHBI 38 UCKIIFOUEHUEM TOTO, YTO IPAHHYHEIC YCAOBHSA
B JAHHOM CJIy4a¢ MOTYT ObITh C(POPMYITHPOBAHBI TOJBKO ISl HAPY’KHOTO KOHTYpA

TLTACTHHBI (r = b). OcHOBHBIE THIIBI I'PaHHYHBIX YCJIOBHII HAa Hapy>KHOM KOHTYpe
IITACTHUHEIL IIPEACTABJICHEL B HPHJIO)I{EHI/II/I 3

B kauecTse nmpumepa BBIMOJHHM PACHET KPYIVIOH IUIACTHHBI, MPEACTABICHHON
HA puc.7.2. B KOIBLECBOM CCUCHUH F =¢ TUJIACTHHA HATPYXKCHA MOMEPEUYHOU COCpe-
JOTOUYCHHOM HATPY3KOH, PAaBHOACHCTBYIOIIAA KOTOPOU paBHa P. Ha Hapy»HOM KOH-
TYpE, (r = b) , YCTAHOBJICHA IMAPHHPHAA ONOpa. TeMmepaTypHbIH HATPEB IIACTHHBI

OTCYTCTBYET. 3aJaHbl TCOMECTPHYCCKUE Pa3Mepbl IUIACTHHBI M 3HAYCHUS (DH3HKO-
MCXAHHUYCCKUX MAPAMCTPOB KOHCTPYKIMOHHOTO MATCPHAIA.
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Z 4

R

Y

b

Puc.7.2. PacueTnas cxema Kpyriion MIaCcTHHBI

[TnacTuHA MMeEET ABA YYACTKA HATPYKCHUS. YYACTOK 1 (a <r< c) H VYaCTOK

2 (c <r < b). B mapHupHOM OmMOpe HA HAPY;KHOM KOHTYPE TLIACTHHBI BO3ZHHUKACT
ocesas peakuust 7.

O06mme ypaBHCHHS W3THOA TAHHOH TIACTHHKH,

3

2

il
Mr :Moll _PWrP [:]

>

2

7i
M, :MOL - Py, (;J

n

DS::ALngL—}%y%P[:] , (7.3)

2

Dw = Dw, +M0r21,r/$|l -Priy,, (?j

2

A1 onpeaencHud HEU3BECTHBIX HAYAJAbHBIX MapaMerpoB Af,, w, H peaklHH
IAPHUPHOH OIIOPBI INACTHHBIL 1 HCIIONIB3YEM
® TPAHUYHBIC YCIOBHS HA HAPYKHOM KOHTYPE MIACTHHBI:
M =0 nmpu r=»~, (7.4)
w=0 mnpur=»5h; (7.5)

L] ypaBHCHI/IC paBHOBeCI/I}I IJIACTHHDBI .
T-P=0. (7.6)

Beruucsg no ypasHeHusM (7.3) paaManbHbI H3rHOA0MMA MOMEHT M MPOrHO
HA HAPYKHOM KOHTYpPE IUIACTHHBI IIPH  » = b, TOXYYAEM C YUETOM I'PAHHYHBIX YCIIO-
Buil (7.4) u (7.5) cnenyromue COOTHOIUCHUS .
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7
M,-Py, [Z] =0, (7.7)

Dw, +M by’ — Py, (gj =0, (7.8)

CootnomeHnus (7.7) u (7.8) COCTABIAKOT CHCTEMY THHCHHBIX anreOpanyueCKHX
YPABHCHHH OTHOCHTEIBHO HEM3BECTHBIX A, M w,. Pemasd 3Ty cUCTEMY, HAXOIHM

HAYATBHBIC MAPAMETPHL:

i
M, =Py, (5] : (7.9)
Pbh? i1 i

Peaxuus mapHUPHOH ONOPLI, KAK CIACAYCT H3 YPABHCHHS PABHOBCCHA ILIACTH-
HEI (7.6):
=P, (7.11)

Ha 3axmrounrensHoM 3Tane pacuera no popmynam (7.3) HaXoauM H3rHOArOIMe
MOMCHTBI 1 MIEPEMEIICHHUA B 3 JAHHBIX KOTBIEBBIX CCHCHHAX IIACTHHBI. HanpskeHu
BRIMHUCTIACM TI0 (popmyiam (2.1) u (2.2).

METOAUYECKHE YKA3ZAHUA

HpI/I H3YUCHHMH MCTOAA pPaACUCTa INIACTHH H PCIUICHHH IPAKTHYCCKHX 33444
HEO0OX0AUMO OOPAaTHTh BHHMAHUE HA CIICAYIOIHEC BOMPOCHI;

1. Ilpu pacuere MAACTHHBI BAXKHO MPABHIIBHO 3aMHCATh OOIIKMC YPABHCHHUS H3-
ruba C y4eTOM KOHKPETHBIX VCIOBUH HArpykeHus. B ypaBHEHMAX, 3aNUCAHHBIX B
(hopMe METOJa HAYAJBHBIX MAPAMETPOB, JOJIKHBI OBITH YUTCHBI BCE BHCITHUC CHIIOBBIC
(paKTOPBI, BKIFOYAKOIIHUECA CJICBA OT PAcCMATPHUBACMOIO CECUYCHMS (711 MPaBOM MOJI0-
BHHBI IIACTHHBI). He cnexyeTr mpu 3ToM 3a0bBaTh 00 OMOPHBIX peakiusax. CHIOBbIE
(paKTOPBI, BKIFOYAOIIHECS CIIPABA OT HCCIEIYEMOTO CEUCHHUA, B YPABHCHHA HE BXOIAT.
Tak mpu pacdere Kpyraoi INIACTHHBI (MpUMEp B I.7) B OOIIHE YPABHCHHA H3THOA HE
BOLLIA PCAKLHS OCCBOU IAPHUPHOU omopsl T .

2. Ocoboc BHUMAHUC OOPATHTC HA 3HAKH, ¢ KOTOPBIMH BbI BKJIFOUACTC B OOIIHC
VPaBHCHHA HM3THOA OTACIBHBIC craracMmbie. Ecmi BHCIHHIT CHIOBOH (PakTOp MPHIIO-
JKEH K IJIACTHHE B IOJOKHTCILHOM HANPABICHUU (MOJOKHTCIBHBIC HAMPABJICHHUS
BHCIIHHX HATPY30K NMPHBCACHBI HA puc.2.1), TO craracMoe¢, YUMTHIBAKOIICS BIHAHHUC
3TOro (pakTopa, BXOAUT B YPABHCHHSA H3rHOA CO 3HAKOM IUIKOC, B MPOTHBHOM CIIYHaC —
CO 3HAKOM MHHYC,

3. HeoOxoamMo XOpomio YCBOWTH MPABHIIO 3HAKOB JUISl BHYTPCHHHX CHIIOBBIX
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(axTOpOB B MIACTHHE — PATHANBHOTO H KOJIBIEBOTO H3THOAIOIMX MOMEHTOB, 4 TAKUKS
YIJIOB MOBOPOTA W MPOruO0B MIACTUHBL M3rudaromme MOMEHTBI CUHUTAEM MOJIOKH-
TCJIBHBIMHW B TOM CIY414aC, KOraa InpH H3ruOC MITACTHHBI BCPXHHC CC BOJIOKHA CXKHMMA-
FOTCSI, 4 HIKHHUC PACTATHBAKOTCS. YTOI MOBOPOTA HOPMAJH K IJIACTHHC MOJI0KHUTCIICH,
CCJIM HAIPABICH IPOTHB YACOBOM CTPEIKHU (I IPABOM IIOJIOBHHBI IITACTHHBI), I1OJIO-
YKUTEIIbHBIC MPOTHOBI COBMATAIOT C MOIOKUTEILHBIM HATIPABICHHEM OCH CHMMETPHH
mIacTHHHI (puc. 3.1).

4. Tlpu u3y4EeHHH OCHOBHBIX THIIOB TPAHHYHBIX YCIOBHM OOpPATHTE BHHMAHHE
HA CIy4YaH HArpy;KCHHSA IUIACTHHBI MO KOHTYPY MOMCHTHOM Harpy3koi ([IpmiaoskeHus
1 u 2). ['paHu4HBIC YCAOBHA B 3TOM CIIY4A€ 3AMHUCBIBAOTCA B COOTBETCTBUU C YKA3AH-
HBIM BBIIIE MPABHJIOM 3HAKOB A PAAHAIBHOTO H3rmOaromero mMoMmeHra. Ecmu Ha
KOHTYPE IUIACTHHBI PAJHATBHBIN H3THOAOIMUN MOMEHT MOJO)KHTENICH (CIKATHI BEPX-
HHUC BOJIOKHA), TO 3aJaHHAA MOMCHTHAA HATPY3KA M2 BXOJUT B IPAHHYHBIC YCIOBHS CO
3HAKOM IUIFOC. [IPOTHBOMONIOKHYH) MO HANMPABICHHIO MOMEHTHYIO HATPY3KY CICIYET
BBECTH B TPAHHYHBIC YCITOBHS CO 3HAKOM MHHYC.

5. Ilpu OTCYTCTBHM TEMNEPATYPHOTO BO3ACHCTBHA B TEX CCUCHMX IUIACTHHBI,
II¢ YTOJ MOBOPOTA PABCH HYJKO, PAJHAILHBIM H KOJIBLCBOH HM3THOAFOIIHC MOMCHTHI
CBs13aHbl COOTHOMECHHEM A/, = pM/ . CnpaBeUIHBOCTD 3TOrO YTBCP/KICHHA BBITCKACT

w3 ypaBaeHus (4. 1),
B vactHoCTH, HAUanbHBIC napamMeTper M f u M f B KOJBLECBOM IUIACTHHE, 3aILCM-

JICHHOI MO BHYTPCHHCMY KOHTYDY. CBA3aHbI cooTHomcHueM M = uM’ . kotopoe
yAOOHO HCIOJB30BATh MPH PACYETE MIACTHHBL.

6. Ilpu onmpenencHUM BEPTHKATBHBIX PEAKLMNA ONOP MIACTHHBI CICAYET HMETh
B BUAY, YTO B HALIEM PACHOPSLKCHHM OIS OTOM LICTH UMEETCS, MO CYLIECTBY, TOJIBKO
OJHO YPABHEHHE CTATHKH, BBIPAYKAIOIIEE PABEHCTBO HYJIIO CYMMBI MPOEKIIUH HA BEp-
THKAJIBHYIO OCh CHJI, JCHCTBYIOIIMX HA IJIACTHHY:

Y F, =0.

OcTanbHBIC MATh YPABHCHHH PABHOBCCHSA, KOTOPBIC MOMKHO COCTABHTD JIIS TLIA-
CTHHBI, KaK TPOCTPAHCTBEHHOTO T€a, oOpaimarorca B TokaecTtea 0 = 0 (mpoBephTe
CAMOCTOSITCITLHO! ).

IMosTOMY, €CITM TTACTHHA MMECT OJHY KOJBIEBYI) OMOPY, TO PABHOACHCTBYIO-
IIYI0 BEPTUKATHHOH PEAKIHH 3TOH OMOPHI MOYKHO ONMPEACIUTH U3 YPABHEHHS PaBHO-
BeCHA. TakyrO MIACTHHY HA3BIBAIOT CTATHYECKH OMPEACTUMON. ECIH )k Ha IUIaCTHHY

HAJIOJKCHBI 00Jee, YCM OJHA OCCBAS CBA3b, (n > 1), €C MOJKHO HA3BaTh CTATHUYCCKH

HECOMPEACITUMON, W 7151 ONPEACACHUS PEAKUMMA CBA3CH, KPOME YPABHCHHSL PABHOBE-
CHs, CIIEOYET AOMOIHHTENBHO COCTABUTHE #1—1 YPABHEHWH, BBIPAKAKOINUX OTPAaHHYE-
HHA, HAKTIAABIBACMBIC AONMOJHHUHTCIBHBIMH CBASIMH HA HpOFHﬁBI IIITACTHHEI.
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YKA3ATEJIb MPUMEHAEMBIX OBO3HAYEHUI

a4 — Ppaguyc BHYTPCHHCTO KOHTYPA KOJIBLCBOW IVIACTHHBI, MM,
b — paguyc HAPY>KHOTO KOHTYPA IIACTHHBI, MM,

h — TONIIHHA MIACTHHBI, MM,

E — Mopayns ynpyroctd Marepuana miactuasr, Ml 1a;

H — kox(ppumeHT [lyaccona Matepuana nIacTHHBI,

ERW
D = ———— — UWIMHIPHYCCKAS JKCCTKOCTS, H-mwm;
12(1- 42%)
m — pacmpeleNeHHAA MO OKPY)KHOCTH MOMEHTHAS HATPy3Ka, H-MM /MM;
P — paBHOJCHCTBYHOIIAA PACHPEACICHHON MO OKPY;KHOCTH INONEPCYHOM

Harpysku, H;
¢ — PaBHOMCPHO PpacmpeACICHHAS MO IUIOAAN Harpy3ka, Mlla;
M, — paguanpHbIi H3rHOArOIMH MOMCHT, H-MM /MM;
M, — xombUECBOH H3rHOAROIMI MOMECHT, H-MM /MM
N, — paauaneHOE HOpMaTbHOE yeuane, H/mm;

N, — KonBLEBOE HOpMATIBbHOE yermae, H/MM;
Q - momepeunoe yemmme, H/mm;

9 — Yroj noBopoTa HOPMAJIH K CPCAMHHOM MIIOCKOCTH IJIACTUHBI, PaX;
W — MPOTHO IUIACTHHBI, MM,

4 — ICPCMCIICHUC MO KACATCIBHOH K MCPHIHAHY, MM,

A — pagnanbHOC MEPEMEIICHUE, MM,

o, — paquanbHoe Hanpsokenue, MITa;

o, — Koabuesoe Hanpsskenue, MIa;

A — Oe3pa3MepHBI mapaMeTp:

¥ — TIOJIPHBIM PAIHyC KOJIBLECBOTO CCUCHHA IUTACTHHBI, MM,

T, — TeMmepatypa CpeIHHHOM IUTOCKOCTH ILUIACTHHBL,

o — TeMIePaTypHbId KOAX(P(PULHUCHT TuHEHHOro pacmmpenus, 1/K,

W, (L), G=r, 1,8, w, j=r t m P, q)— conpoBokiaromuc (yHKIHH.
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ITpunoskenue 1

CONMPOBOXKJIAIOIIUE ®YHKLUHA
TSI PACUETA IUIACTHH

Hos ypasserus M.
v, (1) =540
p(2) =52
w,m(&)— [+ u+(1-w)A°]
1 () ==l (1= 21) = (4 ) ]

v,y ()= (4= 22 (4= 204 w2 - - w2 )

flas ypasuerms M,
v, () =w, (2)=50-2)
vy (1) =, (2)=5(1+2)
Vo (2) = (b= 1= )2°)
vy (1) = A0 (1= 24 (1 ) 2]

q/rq(/”t)— {1+3u 2 [4u-20+ wIna® - (1= wA* ]}
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Mnst ypaguenust D9
lIUSr (ﬂ’)
1
]_, =
YV st ( ) 21— 1)

1 2
Vom (/1) :5(1_/1 )

1

= 1— g —(1+ A’
2(1—u2)[ p— A+ A7

[1—p+ 1+ A’

1 2 2

Vo, (2) =§[z —1-1nA*]

W, (2) = %[1—12(2& —2InA*]
1

0
A)=——
Ws( ) 1+

Mast ypasnenus: Dw

1
41— )

v,, (1)

W, (1)

T a1-0)

v, (ﬂ,):i[l—ﬂ,z(l—lnﬂ.)z]
(A)—i[/l2 —l—l(l+/’tz)ln/12]
P\ 2

1
W, (£) =a{1+ﬂﬁ[4—5/12 +Q2+2H) 2

1
21+ p)

v, (1)
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(- A= A7) + 1+ A* 27
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[Tpunoxenne 2

I'PAHUYHBIE YCJIOBHA
HA BHYTPEHHEM KOHTYPE KOJIbHEBOH IINTACTHHBI

3aKpenicHIE KOH- , ['panuHbIe
Pacuérnas cxema
TYPa MJIACTHHbI VCIIOBHS
z
CBoOOaHEBIH KOHTYP ] M, (a) — Mf =0
TR
YN
z
MoMCHTHAs g
MCHTH
s _
HATPY3KA : [/’* M, (a)=M =+m
7 r
a "
Z A
ad
[apHupHas > M (a)=M] =0
omopa
% | wla)=w, =0
Zh
KecTkas 3aaenka 4 ( ) 0
o wla.)=w, =
| r
z
a
[ogsmxHaa 9 (a) =0
3aJCIKa
r
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I'PAHHUYHBIE YCJIOBUA

[Ipunoxenue 3

HA HAPYKHOM KOHTYPE IIVIACTHUHbBI

3akperuieHue KOH- . ['paananbIe
Pacuérnas cxema
Typa TIACTHHBI YCIOBHSA
Z A
CB0OOOIHBIM KOHTYD M, (b) =0
P AT >
VAT T >
b >
ZA
m
MowmeHTHas A\ V(b
=+m
Harpyska AT > r( )
\/ =
b .
Z A
b
[TlapHuupHas > M, ( b) -0
onopa AT ~
p * V,-’,-*,f',-’,-'f",f': > w(b):O
ZA
Kectkas 3anenka
P e P e s s . w(b) =0
T4 >
1
b
[TonpwxHas > 9 (b) =0
3a1eIKa F f—& _
»
o ‘E A
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